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ADJOINTS OF ORIENTED MATROIDS 
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An adjoint of a geometric lattice G is a geometric lattice (7 of the same rank into which 
there is an embedding e mapping the copoints of G onto the points of O. In this paper we intro- 
duce oriented adjoints and prove that they can be embedded into the extension lattice of oriented 
matroids. 

1. Introduction 

As shown by Billera and Munson [1], the usual polarity properties of  the face 
lattices of  convex polytopes do not extend to oriented matroids. More specifically 
the upside down lattice of  a face lattice of an oriented matroid M is in general not 
again a face lattice of some other oriented matroid M*. q hus oriented matroids 
do not always have a polar. ~1 he reason is that existence of  polars would imply the 
existence of adjoints and as Ch6ung [5] showed the V~mos matroid does not have 
an adjoint. 

We discuss adjoints and introduce the notion of oriented acljoints in section 
2. In section 3 we show that the elements of  the signed cocircuit span of an oriented 
adjoint represent point extensions of  the original oriented matroid, i.e. the oriented 
adjoint of  an orient matroid M can be embedded into the extension lattice of M. 
q his result can be used to prove that the existence of oriented adjoints is sufficient 
for the existence of  polars. 

We shall use the notation of  Las Vergnas ([9]) with some minor exceptions. 
We call a ( + , - , O ) - v e c t o r  X=(Xe)~c~E{+ , - , 0 }  E a signed vector and often 
identify X with the pair (X+,X_) where X+(_):={eEEJXe=+(--)}. As usual 
_X=X+ UX_ denotes the set underlying X and X 0 : = E \ X  its complement. An 
oriented matroid then is the collection d) of signed sets on E =  {1 . . . . .  n} satisfying 

(1) (O, 0)EO, XEO implies - X E O .  
(2) X, YE O imply (the composition) XYEO. 
(3) If X, YEO and eEE separates X and Y, then there exists ZEO such that 

Ze=O and Z r=(X, Y)y for every fEE that does not separate X and Y. 

For  an oriented matroid 0, cg(O) denotes the set of circuits, and L : =  
:= {X0fXE 0} is the lattice of  flats of  the matroid O underlying the oriented matroid O. 

w 
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2. Adjoints of oriented matroids 

An adjoint of a geometric lattice G is a geometric lattice (7 of the same rank 
into which there is an embedding (i.e. a one-one order-reversing function) e : G ~  (7, 
mapping the copoints of G onto the points of G. Similarily we call a matroid /ff 
an adjoint of a matroid M if the lattice of flats of 3~t is an adjoint of the lattice of 
fiats of M. Clearly e -1 restricted to points of (7 defines a bijection ~p between points 
of (7 and copoints of G. qhis map ~p shows how the embedding works. "lake any 
fiat F of the matroid M and consider all hyperplanes H~ (iE1) of M which are super- 
sets of F. 3hen ~p-l(H,) (iC1) are points in (7 with join if=l._) ¢p-I(H~) and in- 

deed ff=e(F), i~t 
Conversely, assume we are given the mapping cp. What kind of condition do 

we have to add in order to establish such an embedding e? Clearly, we need to 
guarantee that e is one-to-one and we shall see that it suffices to assume the exis- 
tence of  an injective map ff mapping the points of M into the copoints of 3¢ such 
that for all pointsp of M and /~  A~t, p~_ ~p(p) if and only if p-< ~,(p) holds. Indeed 
assume (Hi)~c~ and (H[)i~t,, are all hyperplanes of M containing the points p 
respec, q of M. qhen e(p) respec, e(q) equals the join of (~o-l(Hl))iEt repec. 
(¢p-l(H[))iEr in .h~. And since p<=qg(go-~(Hi))we have q~-l(Hi)_-<~b(p). ~lhus 
e(p)=e(q) implies i f (p)= ~O(q) and hence p=q. "Ihus we have: 

Proposition 2.1. Let M and 291 be two matroids of  the same rank. Then ~ is 
an adjoint of  M i f  and only i f  there is a bijectize map (o from the points of  191 onto 
the hyperplanes of  M and a one-to-one map ~ from the points of  M into the hyper- 
planes of  M such that 

(2.1) p <-- ~o (q) i f  and only i f  q ~ (p (p) 

holds for all points p and q of  M respec. 37i. 1 

Example. Let E ~ R "  finite and suppose that E has dimension n. Let L denote 
the lattice of subspaces spanned by subsets of  E. Since dim (E)=n ,  the copoints 
of E correspond to hyperplanes of R ". For every copoint of L choose one of its 
normal vectors. "I hen the lattice L ~, consisting of all subspaces spanned by subsets 
of E '~ is easily seen to be an adjoint of L. 

This shows how adjoints may be constructed using the orthogonalily relations 
in linear vectorspaces. If  a matroid is representable over different fields, the above 
construction may be carried out in each of  them, sometimes yielding different ad- 
joints (cf. Bixby and Coullard [2]). qhus adjoints are not unique. "lhey also may 
even fail to exist (cf. Ch~ung [5]). 

qhe reformulation, given in Proposition 2.1 above, of Ch6ung's notion 
([5]) of an adjoint of a geometry generalizes very naturally to oriented matroids. 

Definition, Let tV and ~ be two oriented matroids without loops and of the same 
rank. "lhen ~ is called an adjoint of d~ if there are maps 

(2.2) q~ : E -~ cg(0±) and ~ : g --  ~g(d3±) 
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such that for all elements eEE and ~Eg 

(2.3) eE ~0(e-)± if and only if gE ¢(e)± holds and the induced map ~p mapping 

points of ~ onto hyperplanes H=E'x¢(~)(~EE) of ~9 is bijective. 

The following lemma shows that the induced map ¢p is well defined. 

I_emma 2.2. I f  ff is a point of  ~ and ~1, ~EP, then ~0(~1)= _+_ ¢P(~2). 

Proof. Clearly if ~t, g2Efi then there is a circuit d ~ of ~ containing only g~ and ~ 
and up to opposite signs either gl, g2Ed~+ or elEC+ and ~2EC-. If ~1, ~2EC+ 
the orthogonality property (~+ A C_~)t3(C_ N ~'~) ~0 for any cocircuit ~"  con- 
taining ~1 implies ~IE~ ~- if and only if ~zEC ±. qhus choosing E ' =  ~(e) for 
any eEE we obtain gxE ~b(e)+ if and only if~2E ~,(e)+. By (2.3) this proves eE q~(g~)+ 
if and only if eEq~(~2)+ for all eEE. Hence ~0(~)=~0(g~). Similarily, ~EC+ 
and ~EC_ gives q , (~)=-~p(~) ,  l 

In the same way as above we may also define the induced map t# mapping 

points of E into hyperplanes of 43. By the same arguments q~ is also well defined. 

Proposition 2.3. I f  ~ is an adjoint o f  the oriented matroid ~, then _0 is an adjoint 
of(V. 

Proof. The map q, is bijective by definition. Let us show that ~, is one-to one, 
i.e. assume @ (PO= @(-Pz) for two points p~, p~ of d~. Let H be any hyperplane of iV. 
"[hen by (2.-3) p~<=f-/=q~(#) (for some point #) if and only if #-<-ff(Px)=ff(Pz) 
and again by (2.3) if and only if p~<=H=q~(~7). "lhis implies p,=p~, thus ~, is 
injective. Since (2.1) follows from (2.3) this proves the proposition, l 

We think it is clear from the example given above, how to construct adjoints 
of oriented matroids which are, say, representable over the reals; there again, ad- 
joints are not uniquely determined. As an example, con~ider the oriented matroid 
of rank three, corresponding to six points in the plane forming a regular hexagon. 

If we construct an adjoint, the three points of the adjoint which correspond 
to the three diagonals are on a line, since the three diagonals are concurrent. If, how- 
ever, any of the vertices of the hexagon is slightly perturbed, the construction will 
yield a different adjoint, though the oriented matroid on the given set of six points 
does not change. It is clear also from this example that an oriented matroid in ge- 
neral is not uniquely determined by its adjoint : Whether or not the common point 
of intersection of the three diagonals is in the matroid does not affect the adjoint. 

As far as existence of adjoints is concerned, the situation is still worse in the 
oriented case. As for unoriented matroids, it is not hard to prove that the class of 
oriented matroids which do have an adjoint is closed under minors. In [10], a finite 
number of minor minimal nonrepresentable oriented matroids has been given. 
Mandel has all of them proved to be "non-euclidean" and hence they cannot have 
an adjoint (cf. section 4). 

As far as rank three is concerned, the situation is similar as for unoriented 
matroids: Every rank three oriented matroid does have an adjoint (cf. [6]). 
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3. Embedding adjoints into the extension lattice 

It is well known [8] that every point extension N=(EUp, ~g') of a matroid 
M=(E, ~a) corresponds uniquely to a "linearily closed" subset .Le of the set of 
hyperplanes of M. Such a subset is usually called a "localization" or a "linear sub- 
class". "I he set of all localizations of  M ordered by inclusion forms a lattice E(M), 
called the extension lattice of M. 

If/1~ is an adjoint of M then by definition the points of ~ correspond to 
hyperplanes of M. Hence all points beneath a given flat F of _~ define a localization 
Lp of M. Cheung ([5]) proved that this mapping f=ff--,Lp is an embedding of 
the geometric lattice of  flats of  Jr/ into the extension lattice E(M) of M. 

q-his implies that whenever M has an adjoint 2Q, then we can "intersect" flats 
of  M by adding a new point. More precisely, we say that we can intersect two flats 
F, G of M, if a) (F, G) is a nonmodular pair, i.e. rM(FNG)+ru(FUG)<rM(F)+ 
+rM(G) and b) there exists a point extension M '  of M such that ru , (c lu , (F)N 
N clM.(G))>r~ (FN a). 

Proposition 3.1. I f  M has an adjoint ~l, then any two flats F, G of M can be 
intersected. 

Proof. Let L and ~ be the lattice of flats of  M and/~r  resp., let e: L~J~ be the 
embedding and let f : Z--E(M) be the map that assigns to every F~ L the corres- 
ponding localization Lp= {H[H is a copoint of M and e(H)~ff}. If  F~L, then 
F:=e(F)~ L and f ( P )  is obviously the localization of M that corresponds to a 
"principal extension" of M on F, i.e. f ( /V)= {H [H is a hyperplane of M and H_- > F}. 
Now let (F, G) be a nonmodular pair of flats of M and let f f=e (F )  and (7=e(G). 
In order to show that F and G can be intersected, we consider the extension M ' =  
=MUp defined by the localization f(ffV(7). Since e is an anti-isomorphism, 
~(ff)=r(M)-r(F), where ~ is the rank function in/1~. Moreover, we have e(FVG)= 
=e( F)Ae(G)= ffN O. ~Ihus ~( ~'V d)~_e( ~)+ e( d)-e(  f fNd)=r(M)-r(  F)+r(M) - 
--r(G)--(r(M)-r(FVG~)<r(M)-r(FNG)=g(e(FNG)), s~n~ (F,G) is non- 
modular. Hence f fVdce(FNG) and thus .o~':=f(H)=(FVG) is a localization 
of M which is strictly contained in the localization of M which corresponds to the 
principal extension of M on FAG. qhus the extension M'=MUp determined 
by Le is such that the "new point" p lies in the closure of  F and G but not in the 
closure of FAG. qhis proves the proposition. II 

Proposition 3.1 can be used in order to show that adjoints do not always 
exist, see [5]. 

For  an oriented matroid d~ a pair (~,  ~ )  of collections of cocircuits of 0 is 
a localization of M if aj U _ a j  U ~ is a partition of the cocircuits of  d~, and ~ : =  
: = ~  Id ~ satisfies the elimination axiom ([10]). Again Las Vergnas ([8]) proved that 
there exists a bijection between the set of all point extensions of d~ and the set of all 
localizations of ~. Using the relation (~J, ~ ) = < ( ~ ' , ~ ' )  if and only if ~ "  
we shall now consider the partially ordered set E(~V) of all localizations of d~ and call 
it the extension lattice of d~. (-1 his notion is used in analogy to the unoriented case, 
though here E(d~) is not a lattice in general. Indeed, every extension of  d~ by a point 
"in general position" corresponds to a maximal element in £(~).)  
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Recall that we introduced an order relation on the set of signed sets of an 
oriented matroid tP by defining X~ y if and only if X+ c Y+ and X_ c Y_ for 
X, YEdk "Ihe lattice (d~, -<) is called the complex of d~ ([10]). 

To parallel the above embedding of adjoints into the extension lattice we 
shall prove that the complex (d3±, <_-) where d~ is the adjoint of an oriented matroid 

can be embedded into the extension lattice E(dg). q o simplify matters we shall 
restrict ourselves to simple oriented matroids. 

Theorem 3.2. Let ~ be an adjoint o f  the shnple oriented matroid ~ and let ¢p be 
given as in (2.2). Then the mapping 

f :  ~.L ~ E(t9) 

• ~(~,. ~) 

where ~ = ¢ p ( ~ + ) U - c p ( ~ _ )  and ~=¢P(Jg0)U-cp(~o)  

defines an embedding of  the complex (d~ ±, <_-) into the extension lattice E( d)). 

Note, that by the definition of f,  the induced map jr, mapping ,~o to the corres- 
ponding .~', is exactly the embedding of the lattice of fiats of ~ into E(__). 

Proof  of  Theorem 3.2. To prove that f is injective we shall use the inverse of f 
defined as 

g: ~(~) -. ~ -  

(~, ~ )  ,--,- g (~, ~)  

where for all ~Eff- (the underlying set of ~) 

[ ~  if q~(~)Eo~ 
g(O~, ~)~  = if ~o(~)E - ~  

if ~P (~)E.~. 

If ,~E~" and 2:=g(f(A~)) then ~g-- + if and only if ¢p(~)E ~p(~+)U - ~0(~_), 
i.e. if and only if ¢p(~)= ¢p(~) or (p(~V)= _ ¢p(~) for some tTEA~+ respec. ~E ~ - .  
Because ~p is bijective ~0(~)=- ~o(q) (~E~_) can not occur and we have Z~= + 
if and only if ~E~+. "Ihe " - "  and "0"" cases are similiar which proves X = Z  or 
f is injective. Clearly, f is order preserving and hence f is an embedding of t~ J- 
into f(~_L). To prove f(~')C=E(O) we shall use the following reduction steps. 

I ~ m - a  3.3. f (e(~- , ))_ce(~) .  

Lemma 3.4. ,~1, Ar~EEIj_ implies f ( . ~ l .  ~2)EE(~)" 

Indeed, E(¢9) is closed under taking products, i.e. (~JI,.o~)EE(d~) and 
( ~ ,  ~)EE(d~) imply ( ~ U ( ~ ( - I ~ ) ,  ~ f-/.~.z)EE(d~). 

Geometrically, Lemma 3.4 states that, given two point extensions ~ Up~ and 
d~ Up~ of d~, there exists a point extension ~V Up~ such that, if all three point exten- 

2* 
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sions could be carried out simultaneously, P3 would ly in "general posit ion" on the 
line segment PiP2 nearby the point Pl. 

Since every element ZE ~)" is the product of  cocircuits YEcg(0 ±) ([4]) Lemma 
3.3 will then prove the theorem. "Io prove the lemmata we use a characterization 
of  localizations which we shall introduce now. 

Let D" 1 2 .=CoA C  0 be a coline of  an oriented matroid dJ defined by cocircuits 
C 1, C2ECg(d~). Clearly C I ~ + C  z and using the circuit exchange axiom (elimi- 
nating all elements which separate C 1 and C z resp. C z and - C  1) we can construct 
a sequence X 1 . . . . .  X k of cocircuits of  d~ containing C x and C 2 such that with 
X k + X : = - X  ~, for every i = l  . . . . .  k, X i is compatible to X I+1, i.e. X i and X ~+x 
are not separated by any element eEE. Such a sequence is unique up to cyclic 
shifting and reversal. Furthermore,  all hyperplanes of  • containing D are represented 
by some X~ ( i=  t . . . . .  k). We shall call such a sequence a compatible bundle of D. 
Note,  that  if (X 1 . . . . .  X k) is a compatible bundle, then (X 2 . . . . .  X k, - - X  1) resp. 
( - X  k, X t . . . . .  X k-l)  are also compatible bundles. We shall say that these are ob- 
tained from (X ~ . . . . .  X k) by "cyclic shifting". With this definition we characterize 
localizations of  0 as follows : 

Lernma 3.5. Let 0 be an oriented matroid and ~ ,  ~£~c=~(~±) such that q/U 
U - a J U : ~  is a partition of  ~((PJ-). Then (qJ,~) is a localizction of  0 i f  and 
only i f  

(3.1) .for every coline D of  ~ and every compatible bundle X ~ . . . . .  X k of  D such 
that X1EaJ there exists an index iE{I . . . . .  k} such that XJEY/ ( j < i )  and 
XJE - ~  ( j >  i). 

Proof of Lemma 3.5. To prove the lemma we shall use the definition of localizations 
given by Las Vergnas ([9]), i.e. 

(3.2) ~ U - ~ U Y '  is a partition of cg(0±). 

(3.3) q-he set {ZoIZE~ e} is a linear subclass, i.e. X, YE~,  D:=XoOYo a coline 
of  d~ implies Z E ~  for all ZE~g(0 ±) s.t. D c Z o .  

(3.4) For  every coline D there is at least one element e E E \ D  which has the same 
sign in every YEaJ, D c  Y0 which contains it (i.e. aj forms an "angle" in D). More- 
over, all elements eEYo\D for Y E ~  and D c Y o  have this property.  

Assume that (~ ,  Y') has the property (3.1) of  Lemma 3.5. We will show that  
(o~, ~ )  satisfies (3.2)--(3.4). q o see that ~ (more precisely the set {ZoIZE~}) 
is a linear subclass, let D be a coline of  ~ and let (X ~ . . . . .  X ~) be a compatible bundle 
of  D. It is easy to conclude from condition (3.1) - -  using cyclic shifting, if necessary- -  
that either all the X~'s are in ~e or at most one of them (determined by the index i) 
is in ~e. q hat is to say, ~ is a linear subclass. 

Next we show that (3.4) is satisfied. Let D be a coline of  ~ and let (X ~ . . . . .  X ~) 
be a compatible bundle of D. If  the X~'s are all in .~, q¢ forms trivially an angle in 
D. Otherwise, we assume X ~ ¢ ~ for some j .  Shifting cyclically and reversing signs 
if necessary, we may a~sume that X1E~.  By Lemma 3.4 if follows that X 1 . . . .  
.... X~-~EY/ and X ~+~ . . . . .  X ~ E - ~  " for some iE{I . . . . .  k}. Since every X ~ is com- 
patible with X -~+a, it is easy to see that for every eEXg\D either eEX~ ( j < i )  
and eEX~ ( j > i )  or vice versa. Now (3.4) follows immediately. 
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Assume now conversely that the pair (N, ~ )  satisfies (3.2)--(3.4). To show 
(3.1), let D be a coline of 0 and let (X 1 . . . . .  X k) be a compatible bundle such that 
X1Ea3 '. By (3.4) there exists an eEE\D that has the same sign in every YEN, 
DcYo. Let it,{1 . . . . .  k} such that eEXio. Since the Xi's are compatible, either 
eEJ~ ( j < i )  and eEX i_ ( j > i )  or vice versa. Since e should have the same sign 
in every. YE~J, we conclude that XJE~ ( j < i )  and X J E - N  ( j > i ) ,  i.e. (3.1) 
holds. | 

Proof of Lemrna 3.3. Let )TEff(d l )  be a cocircuit of ~ f ( t v ) = ( ~ , ~ )  and 
X 1 . . . . .  X k a compatible bundle of a coline D of 0 with X~EN. Clearly ~ = - Y '  
and since q~ is bijective N U - N U ~  is a partition of cg(d)l). Hence to prove 
(,~J, N')EE(d~) we can use Lemma 3.5 and verify the existence of an index r with 
X~EN ( i< r )  and X ~ E - N  ( i>r) .  

Since ~ is surjective there exist signs siE {+, - }  and elements c]jE~ ( j =  
= 1 . . . . .  k) such that ~0(~j)=sjXL Let us show that 

(3.5) XJEoJ if and only if c]jE)~ 

holds for all j =  1 . . . . .  k. By definition XJEN if and only if sjcp(c]~)EN= qo(.~+)Y 
U - p ( ) ? _ ) ,  i.e. if and only if either s j = +  and c TiE)?+ or s j = -  and ~]~-EX_. 
"Ihus X;EN if and only if c]j.C)~l. 

To prove the lemma we shall show that the index 

(3.6) r :=  max {iE {1 . . . . .  k} Ic-]jEJ~j Vj < i} 

has theproperty ~,.EX,, ( i< r )  and c]~E-)Ts, ( i>r) .  If r = k  then there isnothing 
to prove, hence assume r <  k. "Io complete the proof we use the following property: 

(3.7) ~'jE {2 . . . . .  k-1}3EE~(~)cT~E ff~ , cijE -ff~j,  

Clearly, if(3.7) holds and r < k ,  then there is a CE~'(C) with #~E~,,, c~,E 
E - C s ,  and @,+~EC,.+~. Since O:{c]l,c],,@,+~} and (7 is orthogonal to X we 
obtain c],+~E.~_~,+~ (namely ~ and )? agree on signs at component 1 and r) or 
by (3.5) X ' + ~ E - ~ .  Repeating this argument for r +  1, r + 2  . . . . .  k proves X ~ E - N  
( i>r ) .  

To prove (3.7) let jE {2 . . . . .  k - 1 }  and pEX~\D. It is not hard to verify 
that f(~k(p))=(N~, Y'~) is a localization of d~. Since q)(O(p)+)= p({e[~E ~b(p)+}) 
we may use property (2.3) of q) and ~O to obtain ~0(,p(p)+)= Hence 
YE qg(~(p)+)U-~o(~(p)_)  if and only if YEim q) and pEY+ or - Y E i m  q0 and 
pEY-. And similarily ZE~ e if and only if ZE~g(0 ; )  and pEZo. "Ihus (N ~, ~ )  
is a localization of 0 corresponding to the extension of d~ by a parallel element p'. 
SincepEXd\D and j >  1, pEX 1, i.e. either X~EN ~ or X I E - N  ~. Assume w.l.o.g. 
(take f ( - ~ ( p ) )  if necessary) X~EN ", then pEX ~ because X ~ is compatible to 
- X  (and j < k ,  i.e. pCX~\D). 3hus XkE-N ~ and we can use Lemma 3.4 to 
find an index ./'0 with XiEN ~ (i<j0) and X ~ E - N  ~ ( i>j) .  Since pEXd\D we 
have X~E~v which proves J=Jo. 
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S~nce X~EN p or equivalently pE X~+ respec, pE(sl XI)~, we obtain pE cp(~Tt)~l 
and by (2.3) ~TtE ~(p)~.  "lhe same argument also yields cTjE O(P)0 and cTi+aE 

D _~ X~ E ~'(p)-~j.1. Since X 1 . . . . .  X k is a compatible bundle of  the coline D, i.e. ' -  l 
( i= 1 . . . . .  k) there is a line L of  d~ which contains all points q~ ( i= 1 . . . . .  k). Hence 
there is a circuit ~E~(d~) such that (~={q~, cTj,,~j+l} and (w.l.o.g.) ~lEff~l- 
Since C and ~b(p)are orthogonal and (~71~,(p): {#~, ~j+~}, #IE~,~ implies ~j+~E 
E f f ~ .  To prove (3.7)i t  thus suffices to show ~TjE-C,~. Assume ~jEff~ and 
cnoose p'EXd+~\D. "Ihe same arguments as above yield ~7~E ~'(p')~, ~7~.E ~O(p'),j 
and q)+~E¢(P')0, hence tp(p') and (7 are not orthogonal, a contradiction. I 

Proof ofLemma 3.4. Let ~iE~'(dTJ-), ( ~ l , ~ i ) : = f ( . ~ i )  ( i=1,  2) and define aj3:= 
:=°2/tl .J(aJ '(3~),  ~ a : = ~ O ~  ~ and a~a:=g(~3,~a) .  It is very easy to show 
~ a = a  ~ .37~. qhus it remains to prove (~3,~3)EE(d~). Clearly qCat_J -~3U~ 'a 
is a partition of ~ ( 0  ~) and we can use Lemma 3.5 to prove (~a, ~3)EE(d~). Let 
D be a coline of 60 and X ~ . . . . .  X ~ a compatible bundle of D with X~EaJ 3. If X~E~ ~ 
then by Lemma 3.5 t here is an in dex i such that XJE ~ 1 ~ ~ ( j <  i) and XJE - ~ 1 
~ a  ( . />i) .  "Ihus assume X ~ ¢ ~  t, i.e. X t E ~ f q ~  ~. By Lemma 3.5, we have 
XJE~ 2 ( j < i )  and X~'E-o3 t~ ( j > i )  for some index i. Hence, if X J ~  f l  for all 
j =  1 . . . . .  k, then X~E~ ~ ( . /< i )  and X ~ E - ~  ~ ( j > i )  for thesame index i. Other- 
wise, X~q.~t  (since ~ t  is a linear subclass) and we may consider the compatible 
bundle (X ~ . . . . .  Xa). q-he result follows immediately. I 

Note that, given an adjoint 0 of  ~, ~o induces a bijection between the points 
of 0 and a representative system of  coc;rzuits of  d~, i.e. a set ~ P ~ ( d ~ ' )  such that 
a) for every ~¢ fE~ ,  ~ # - J "  and b) for every YECg(O a) there exist an ~E~P such 
that ,~=+Y.  "lhus, given such a system ~'cc6'(d~ ±) and an oriented matroid 

on ~v, we may ask, under which conditions dY is an adjoint of  O. "Ihe following 
almost trivial result is in a sense the converse of Theorem 3.2. 

Theorem 3.6. Let ~ ( ~ ± )  be a representative system of  the cocircuits of  ~ and 
let ~ be an oriented matroid on ~ of the same rank as ~. Suppose that for every 
YEg  ±, the pair (¢J,-~'):=({~I~E~ and ~E,~+ o r - ~ E f f ,  and -~E-,~_}, {~'I~E~ 
and gE ~o or -~E L ~ and -~E-~o}) is a localization and that all toealizations which 
correspond to extensions of  ~ by parallel elements can be represented in this way by 
some ,~ECg(O±). Then d is an adjoint o f  O. 

Proof. Let eEE be a point of d~ and let (o2/~, .~,) be the localization which corres- 
ponds to an extension of  d~ by an element parallel to e, i.e. ad¢= {yE~a(O±)leEY+} 
and .~¢= {YECg(O±)[eE Yo}. By our assumption, there exists a (necessarily unique) 
element J?~ECg(O ±) such that ~'={#[gE~'N~{_ or - g E R N . ~ _ }  and ~ ' =  
={gle<EnJ?g or -gE~en~Tg}. We define O:E-*Cg(g ") by setting O ( e ) : = ~ "  
for every point eEE. Let q~: ~ f ( d ) ' )  be the natural injection, qhen for every 
eEE, #E/]' we have eEg+ = rp(~)+ iff g E ~  iff g E ~ . =  ~b(e) +. Similarily, eE (p(g)_ 
iff g<O(e)- .  I 

Remark. ~Ihe additional assumption concerning parallel-extensions of  d~ can be 
shown to be redundant. ~Ihis shows that whether or not an oriented matroid 
does have an adjoint depends on the extension lattice only. 
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4. Some consequences 

Provided we know that a given oriented matroid 0 has an adjoint, then 
Theorem 3.2 can be used to prove the existence of some extensions with special 
properties. ~I he most obvious application is the one corresponding to Proposition 
3.1: 

Proposition 4.1. I f  ~9 has an adjoint, then any two flats of  @ can be intersected (here, 
"intersection" is understood to be defined in analogy to the unoriented case). 

Proof. A proof is easily derived, combining "l-heorem 3.2 and Proposition 3.1. II 

~[his intersection problem has a nice interpretation, if we consider it from an 
"adjoint'" point of view: Suppose 0 is the adjoint of some oriented matroid •', then 
every signed set XE6 corresponds to a point extension d~'Up of ¢ '  and for 
every point e of @, the sign of the e-th coordinate of X indicates the position of p 
relative to the hyperplane of @" which corresponds to e. Now we choose some hyper- 
plane H~ of d~', corresponding to some point, say e0 of d~ and declare it to be the 
"hyperplane at infinity", qhen we consider only those point extensions 0 'Up  of 
d~" such that p lies on a prescribed side of Ho, i.e. we consider those signed sets )/6 @ 
such that, say e0EX+, qhis leads to the following 

Definition ([10]). Let d~ be an oriented matroid on some finite set E and let eo6E. 
"I hen (@, eo) := {X6 0 leo6 X+ } is an affin matroid. 

(Note, however, that such a system is not a matroid at all!) Intuitively, one 
would define two flats F ' ,  G" of 0' to be "parallel", (with respect to Hi) if for every 
point extension O'LIp, "p lies on F " '  and "p lies on G'"  imply "p lies on Hi" .  If  
F and G are the flats of 0 correspondingto F '  and G' (via the embedding function e), 
this amounts to say that for every X~O, FUGcXo  implies eoCXo. 1his moti- 
vates the following 

Definition ([10]). Let (0, e0) be an affine matroid and let F, G be two flats of  0 such 
that e0 q FUG. "Ihen F and G are parallet if and only if F U G c X  o implies eo~X o 
for every XE tg. 

Euclid's theorem states, that in every affin space, given a hyperplane H" 
and a point e'¢ H', there exists a hyperplane H" parallel to H '  which contains e'. 
Now, let H '  be a hyperplane of d~', different from H~ and e' be a point of 0' such 
that e 'q H' .  q-hen we may ask whether there exists a hyperplane H" of d~' parallel 
to H '  and containing e'. "-I ranslating" this problem to 0, the question is the follow- 
ing: Given a point e~eo of 0 (corresponding to H')  and a hyperplane H of ~, 
such that eqH, does there exist a point p of 0 such that p is parallel to e and p~H. 
Note that "•) is parallel to e" means that p lies on the line spanned by e and e 0. 
Clearly, such a point p may not exist even if ~ is linear, and hence we have to postu- 
late the existence of a point extension of 0 having this property: 

Definition ([10]). Let (0, eo) be an affine matroid, q-hen (0, eo) is euclidean, if 
every hyperplane H of 0, eoCH, and every line containing e0 can be intersected. 

We call an oriented matroid euclidean, provided (0, e0) is euclidean for every 
point e0 of  d~. "I hen Proposition 4.1 has as a corollary: 
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Proposition 4.2. I f  ~ has an adjoint, 0 is euclidean. I 

Mandel ([I0]) gives an example of an oriented matroid 0 such that ff is linear 
but d? is not euclidean. It follows that the existence of  an adjoint of d~ does not imply 
the existence of an adjoint of  0. 

We are grateful to the referee for many helpful suggestions and comments.  
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